Abstract. It is a classical observation of Serre that the Hecke algebra acts locally nilpotently on the graded ring of modular forms modulo 2 for the full modular group. Here we consider the problem of classifying spaces of modular forms for which this phenomenon continues to hold. We give a number of consequences of this investigation as they relate to quadratic forms, partition functions, and central values of twisted modular L-functions.
Introduction and Statement of Results
Suppose that f (z) = ∞ n=0 a(n)q n (throughout let q := e 2πiz ) is a holomorphic integer weight modular form with integer coefficients on a congruence subgroup of SL 2 (Z). A famous theorem of Serre [21, 22] implies, for every integer M, that there is an α(M) > 0 for which #{n ≤ X : a(n) ≡ 0 (mod M)} = O X log α(M ) X .
In particular, "almost every" coefficient a(n) is a multiple of M. By making use of congruences between modular forms, Serre's Theorem can often be employed to imply results for the coefficients of non-holomorphic modular forms. For example, consider Klein's modular function j(z) = ∞ n=−1 C(n)q n = q −1 + 744 + 196884q + · · · .
Although little is known 1 about the parity of the coefficients C(8n + 7), it is an elementary fact that C(n) ≡ 0 (mod 2) for every n ≡ 7 (mod 8). Serre's result implies much more for those n ≡ 7 (mod 8). If t ≥ 1, then it implies that almost every n ≡ 7 (mod 8) has the property that C(n) ≡ 0 (mod 2 t ). As another example, consider the partition function Q(n) which counts the number of partitions of an integer n into distinct summands. Its generating function is given by
(1 + q n ) = 1 + q + q 2 + 2q 3 + · · · .
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Although this generating function is not a holomorphic integer weight modular form (note. it is essentially a modular function on Γ 0 (1152)), Gordon and the first author confirmed [9] a speculation of Alladi (see (4.6) of [1] ), by proving, for every t ≥ 1, that almost every n has the property that Q(n) ≡ 0 (mod 2 t ). Arguing in this way with Serre's Theorem, one can obtain many further results of this type. Here we show how to make such results more precise by making use of the fact that Hecke operators act nilpotently modulo powers of 2 on certain spaces of modular forms. As a special case, we obtain the following theorem for the arithmetic functions C(n), Q(n), and r s (n), the number of representations of an integer n as a sum of s integral squares. Theorem 1.1. Assume the notation above.
(1) If t ≥ 1, then there is a positive integer c such that for every set of distinct odd primes p 1 , p 2 , . . . , p c we have
whenever m ≥ 1 is coprime to p 1 p 2 · · · p c and p 1 p 2 · · · p c m ≡ 7 (mod 8). (2) If t ≥ 1, then there is a positive integer c such that for every set of distinct primes 5 ≤ p 1 , p 2 , . . . , p c we have
whenever m ≥ 1 is coprime to p 1 p 2 · · · p c . (3) If s ≥ 2 is even, then there is a non-negative integer c such that for every positive integer t and every set of distinct odd primes p 1 , p 2 , . . . , p c+t we have r s (p 1 p 2 · · · p c+t m) ≡ 0 (mod 2 t ), whenever m ≥ 1 is coprime to p 1 p 2 · · · p c+t .
Remark. In Theorem 1.1 (1) and (2) , observe that the integer c depends on the choice of t. For Theorem 1.1 (2) , note that Q(α) = 0 if α is not an integer.
Similar arguments can provide information for half-integral weight modular forms modulo 2. In this direction, we consider the 2-divisibility of central values of quadratic twists of certain modular L-functions. By works of Kohnen and Zagier, and Waldspurger (see [11, 12, 29] ), these values are essentially the squares of coefficients of half-integral weight Hecke eigenforms. We briefly recall some of the results of Kohnen and Zagier. Suppose that N is odd and square-free, and suppose that F (z) ∈ S new 2k (Γ 0 (N)) is an even weight newform. There is a Kohnen newform
which is unique up to scalar multiple, whose image under the Shimura correspondence is F (z). We assume that g F (z) is suitably normalized so that it has Fourier coefficients in the integer ring O L of some number field L, and has the additional property that g F (z) ≡ 0 (mod λ) (i.e. there is an n for which b(n) ≡ 0 (mod λ)), where λ is a prime above 2 in O L .
Let ν(N) denote the number of prime factors of N, and let F, F (resp. g F , g F ) denote the Petersson inner product on S 2k (Γ 0 (N)) (resp. S k+ 1 2 (Γ 0 (4N))). If | N is prime, then let w ∈ {±1} be the eigenvalue of the Atkin-Lehner involution
If D is a fundamental discriminant for which (−1) k D > 0, and has the additional property that
Here F D (z) is the newform corresponding to the D-quadratic twist of F (z). For other fundamental discriminants D with (−1)
These values are predicted, by the Bloch-Kato Conjecture (see [2] ), to be quotients of arithmetic invariants associated to Tate-twists of motives for modular forms, and they are often expected to be highly divisible by λ for those D with many prime factors. The simplest case of this phenomenon holds for all newforms of level N = 1, 3, 5, 7, 15 or 17. Remark. The conclusion of Theorem 1.2 often holds for a higher power of 2. For example, consider the case where F (z) = ∆(z) ∈ S 12 (Γ 0 (1)) and
For positive fundamental discriminants D > 1 (see p. 179 of [12] ), it turns out that
otherwise.
These results follow from the nilpotency, modulo powers of 2, of the action of the Hecke operators on certain spaces of modular forms, a phenomenon first observed by Serre for modular forms on SL 2 (Z). To make this notion precise, we begin by fixing notation. For a congruence subgroup Γ of SL 2 (Z) and a subring O of C, we denote by S k (Γ; O) the O-module of cusp forms of integer weight k with respect to Γ whose Fourier coefficients lie in O. If Γ = Γ 0 (N) and χ : (Z/NZ) × → C × is a Dirichlet character, we denote by S k (Γ 0 (N), χ; O) the O-module of cusp forms of weight k and Nebentypus character χ with respect to Γ 0 (N) whose Fourier coefficients lie in O. Similarly, we denote by
etc. the spaces of holomorphic modular forms which are not necessarily cusp forms. We write simply
respectively. For convenience, we shall drop the dependence of k and χ (in the case of forms with Nebentypus), and we let T n denote the appropriate nth Hecke operator which will be clear from context. Finally, if λ is a prime of an algebraic number field L, then we let O L,λ be the localization of the integer ring O L at λ. Theorem 1.3. Let a be a non-negative integer, and let N and k be positive integers. Suppose that χ : (Z/2 a N) × → C × is a Dirichlet character with conductor f(χ), and suppose that L is a number field containing the coefficients of all the integer weight k newforms in the spaces
) and every t ≥ 1 we have
whenever p 1 , p 2 , . . . , p c+t are odd primes not dividing N.
Furthermore, if χ has 2-power order, then (1.3) holds for every set of primes p 1 , ..., p c+t coprime to 14. (3) If N = 9, then there is an integer c ≥ 0 such that (1.3) holds for every f (z) ∈ S k (Γ 0 (2 a · 9), χ; O L,λ ) and every t ≥ 1, provided that p 1 , ..., p c+t ≡ 37, 53, 55, 71 (mod 72).
Furthermore, if χ has 2-power order, then (1.3) holds for every set of primes p 1 , ..., p c+t coprime to 6. (4) Suppose that N = 11. If the residue degree of λ is not a multiple of 4 or χ has 2-power order, then there is an integer c ≥ 0 and a set of primes S 11 (see Section 4), with density 2/3, such that (1.3) holds for every f (z) ∈ S k (Γ 0 (2 a · 11), χ; O L,λ ) and every t ≥ 1, provided that p 1 , ..., p c+t ∈ S 11 . (5) Suppose that N = 13. If the residue degree of λ is odd or χ has 2-power order, then there is an integer c ≥ 0 and a set of primes S 13 (see Section 4), with density 2/3, such that (1.3) holds for every
Remark. In Theorem 1.3, χ may be trivial. The integer c depends on k, N, χ and L. Furthermore, we note that the primes p 1 , p 2 , . . . , p c+t are not required to be distinct.
Remark. Theorem 1.3 can be generalized to the spaces M k (Γ 0 (2 a N), χ; O L,λ ). To see this, one merely needs to verify that the conclusion holds for the subspace of Eisenstein series. This is easily done using well known formulas for the Fourier expansions of Eisenstein series which are given in terms of generalized divisor functions (for example, see Chapter 7 of [14] or Chapter VII of [19] ). The proofs of Theorem 1.1 (1) and (3) require this observation for modular forms on Γ 0 (1) and Γ 0 (4).
Remark. We may sometimes want to apply Theorem 1.3 to modular forms with Fourier coefficients in a subfield K of L, and replace the prime λ by the prime λ 0 of K lying below λ. Then we need c+et primes p i , where e is the ramification index of λ/λ 0 . Thus the conclusion (1.3) would be
). Serre's ε-Conjecture (cf. e.g. [18] ) in characteristic 2 implies that every mod 2 Galois representation associated to a modular form of level 2 a N comes also from a modular form of level N and weight ≤ 4. Consequently, a proof of this conjecture would easily give Theorem 1.3. Although it is known in many cases (cf. [8] , [3] , [4] ), it is not yet known in complete generality. So instead of appealing to the ε-Conjecture, we directly classify mod 2 Galois representations with small Artin conductor N(ρ) outside 2 (see Section 2 for the definition of N(ρ)). To state this classification, for a field K, let K denote a fixed algebraic closure of K, and let G K = Gal(K/K) be the absolute Galois group of K. Regarding Galois representations, we assume throughout that all representations are continuous with respect to the obvious topology (so in particular their images are always finite in this paper). When we say that an extension of Q is unramified outside a set of primes, we allow it to be ramified at ∞. In this context, we extend non-existence theorems of Tate and Moon for irreducible mod 2 representations, and we obtain the complete list of semisimple mod 2 representations with N(ρ) ∈ {1, 3, 5, 7, 9, 15, 17} (the cases N(ρ) = 1 and N(ρ) = 3 are respectively due to Tate [28] and Moon [15] ). Assuming GRH, we obtain the N = 11 and 13 cases, thereby providing the following conditional classification for N ≤ 17. Theorem 1.4. Assume the notation above, and the definitions of V n and W n in Section 2.
(1) If N(ρ) = 1, 3, 5, 7, 15, 17, then there are no irreducible representations
(2) There are two isomorphism classes of irreducible representations
with N(ρ) = 9. Their images are isomorphic to W 3 , and they are defined over
is a representative of either of these classes, then the extension K/Q cut out by ρ 
with N(ρ) = 11. Let ρ 11 denote a representative of this isomorphism class. It has image isomorphic to SL 2 (F 2 ) V 3 . The field cut out by ρ 11 contains the quadratic field Q( √ −11), and det ρ 11 = 1. (4) Assuming GRH, in addition to the representation in (3), there are four isomorphism classes of irreducible representations
with N(ρ) = 11. 
with N(ρ) = 13. They have images isomorphic to W 3 , and can be defined over F 2 2 . These representations into GL 2 (F 2 2 ) are conjugate to each other by the action of Gal(F 2 2 /F 2 ). Let ρ ε 13 denote a representative of any one of these isomorphism classes. The field cut out by ρ ε 13 contains the quadratic field Q( √ −1), and det ρ ε 13 is a character of conductor 13 and order 3.
In Sections 2 and 3 we prove Theorem 1.4. In Section 4 we recall facts about traces of these representations. In Section 5 we employ Theorem 1.4 to prove Theorem 1.3, and then conclude with the proofs of Theorems 1.1 and 1.2.
Mod 2 Galois representations with small Artin conductor
In this section, we prove Theorem 1.4 except the N(ρ) = 9 case. For this purpose 2 , q will always be a prime number. For a Galois representation
on a finite-dimensional vector space V over a discrete field F of characterisitc , its Artin conductor N(ρ) outside is defined by
Here G q,i denotes the ith ramification subgroup of a decomposition subgroup at q of the Galois group G = Im(ρ). (For background information on ramification groups and conductors, see Chapters IV and V of [24] ; see also Section 1.2 of [25] .) We note, among other things, the following two facts about N(ρ):
(1) In this paper, we mainly consider the case where N(ρ) is square-free (i.e., n q (ρ) = 1 for all ramified primes q = ). This means in particular that ρ is (i.e. the field extension cut out by ρ is) tamely ramified at q. [5] and [13] ). We shall also use the notation n q (ρ) in the local context (i.e. to denote the exponent of the Artin conductor of a representation of a decomposition group D q of a prime q, or the Galois group G Qq of the local field Q q ). It is also given by (2.2).
We require some further notation to state our results. We shall use the "wild" notation such as ( 1 * ), ( * * ), and ( * * * ) to denote respectively the subgroups {(
. Let W be the semidirect product of the diagonal matrices ( * * ) and ( 1 1 ) , which is, as a set, equal to ( * * ) ∪ ( * * ). It is the wreath product of
by switching the two components), and sits in a short exact sequence
2 which is the extension of Z/2Z by µ n × µ n , where µ n is the group of nth roots of unity in F × 2 . As a special case of Theorem 1 of Section 22 of [27] , we have the following fact.
Lemma 2.1. Assume the notation above.
(1) Every maximal solvable irreducible subgroup of
is an irreducible representation with solvable image, then (after possibly replacing ρ by a conjugate) Im(ρ) is contained in W n for some n ≥ 3. Moreover, we have an exact sequence of the form
where H is a finite subgroup of ( * * ) which is stable under the action of Z/2Z. The subgroup H is the unique maximal normal subgroup of Im(ρ).
Let V n denote the dihedral group 3 of order 2n. Note that the projective image (= the image in PGL 2 (F 2 )) of W n is isomorphic to V n , and that every irreducible subgroup G of W n has projective image isomorphic to V m for some m ≤ n. For example, if G V n , then it contains no non-trivial scalar matrix, and its projective image is also isomorphic to V n .
We require one further group theoretic lemma. Lemma 2.2. Assume the notation above.
(1) If n ≥ 3 is odd, then there are ϕ(n) 2 /2 isomorphism classes of faithful representations
where ϕ(n) := #(Z/nZ) × . They are defined over F 2 m , where m is the least integer for which n | (2 m − 1). (2) Let I be a non-trivial subgroup of the subgroup µ n × {1} of W n . There are ϕ(n) isomorphism classes of faithful representations
Proof. By Lemma 2.1, after conjugation, we may assume that Im(ρ) is contained in the subgroup W of GL 2 (F 2 ). If ρ is faithful, then Im(ρ) coincides with the subgroup W n of W . In particular, such ρ is automatically irreducible. Fix a generator ζ of µ n . For the moment, denote the diagonal matrix (
Therefore, we have that (ζ ay+cx , ζ by+dx ) = (ζ bx+dy , ζ ax+cy ) for all x, y ∈ Z/nZ, and hence that a = d and b = c.
Conversely, for each (a, b) ∈ (Z/nZ) 2 , we have a representation
). It induces on the subgroup µ n ×µ n of W n a (Z/nZ)-module endomorphism which is represented by the matrix (
2 /2 isomorphism classes of such representations ρ a,b . This proves (1). Now we prove (2). The condition dim V ρ a,b (I) = 1 means that a or b is 0. There are just ϕ(n) isomorphism classes of such representations. Since Gal(F 2 m /F 2 ) acts transitively on the set {ζ a : a ∈ (Z/nZ) × } of primitive nth roots of unity, the representations ρ a,0 are mapped to each other by elements of Gal(F 2 m /F 2 ).
Using these preliminary facts, in this section we shall prove Theorem 1.4 (1), (3) (4) (5) (6) , and we defer the proof of Theorem 1.4 (2) to Section 3.
Remark. Note that all the representations in Theorem 1.4 have solvable images.
The proof of these cases of Theorem 1.4 depends on the analysis of the ramification of the representations ρ at each prime q | 2N(ρ). For each prime q, let D q (⊂ G Q ) be the decomposition subgroup for a choice of an extension q of the prime ideal (q) to Q, and I q its inertia subgroup. By the embedding Q → Q q , we identify D q with the absolute Galois group G Qq of the q-adic field Q q . For a representation
over any discrete field F, let e q = e q (ρ) denote its ramification index (i.e. the ramification index of the extension K/Q q cut out by ρ, or equivalently the order of ρ(I q )).
We first consider the case where q = 2. The following proposition improves Tate's discriminant bound at 2 (Formula ( * ) on p. 154 of [28] ); it reduces the valuation by 1/2 in the "general" case.
(1) The ramification index e 2 of ρ is either a power of 2, or is an odd integer.
(2) Suppose that ρ is wildly ramified, and has ramification index 2 m with m ≥ 1. Let K/Q 2 be the extension cut out by ρ, and let D K/Q 2 be its different. Then we have
if ρ is abelian and m = 1, 2 if ρ is abelian and m = 2,
where v 2 is the valuation of K normalized by v 2 (2) = 1.
Remark. In the proposition above, we say that ρ is abelian if Im(ρ) is an abelian group. If ρ is wildly ramified and abelian, then note that the only possible values of m are 1 and 2. If ρ is wildly ramified and non-abelian, then we have m ≥ 2.
Proof. Suppose ρ is wildly ramified (i.e. e 2 is even). The wild inertia subgroup
is then a non-trivial 2-group. After conjugation, we may assume that G 1 is contained in ( 1 * 1 ). Since G 1 is normal in G and the normalizer of (
where , which is a pro-2 group. Hence the ψ i must be unramified, and ρ has a 2-power ramification index. This proves (1) .
To calculate the different of K/Q 2 , let K 0 be the maximal unramified subextension of K/Q 2 . We shall calculate the different D K/K 0 of K/K 0 , which is equal to D K/Q 2 . Suppose first that ψ 1 = ψ 2 . This is equivalent to saying that ρ is abelian (cf. Lemma 3.1 below). Then K is the compositum of K 0 and a totally ramified abelian extension K 1 over Q 2 with Galois group isomorphic to Z/2 m Z. Such a K 1 is contained in Q 2 (ζ 8 ), where ζ 8 is a primitive 8th root of unity. Then we have m = 1 or 2, and
To analyze the case where ψ 1 = ψ 2 , let X = Hom(Gal(K/K 0 ), C × ) be the character group of Gal(K/K 0 ). By assumption, we have X (Z/
, and then the subgroup X i of X consisting of the characters with conductor dividing 2 i is identified with a subgroup of Hom(
Moreover, Tate showed ( [28] , p. 155; see also the proof of Theorem 3 of [16] ) that (X 3 :
and Gal(K/K 0 ) in a way compatible with the reciprocity map. Also we let σ act on X by χ → χ • σ. Since the action of σ on A is a ring automorphism of A, it preserves the filtration (1 + 2 i A) i≥1 , and hence the action of σ on X preserves the filtration X 3 ⊃ X 2 ⊃ X 1 = X 0 . In terms of the image of ρ, the action of σ on Gal(K/K 0 ) = ρ(I 2 ) can be visualized as follows (cf. [16] , Sect. 1). Write ρ(σ) = (
, and note that it acts on the subgroup ρ(I 2 ) ⊂ ( 1 * 1 ) by conjugation:
The above formula shows that, if α has order f as an element of F × 2 , then each non-trivial element of X is in a unique α -orbit which has cardinality f . Suppose ψ 1 = ψ 2 (i.e. a 1 = a 2 ), so that α has order f ≥ 3. If (X 3 : X 2 ) = 2, then X 3 X 2 has just 2 m−1 elements, and is at the same time a disjoint union of α -orbits of odd cardinality f ≥ 3; this is a contradiction. Thus we have that X = X 2 (i.e. all non-trivial χ ∈ X have conductor 4). By the Führerdiskriminantenproduktformel, we have
where f(χ) is the conductor of χ. This completes the proof of Proposition 2.3.
Remark. The proof of Proposition 2.3 depends on the fact that X 3 X 2 has 2-power order if it is non-empty. This phenomenon does not hold in general for representations ρ : D → GL 2 (F ) when is an odd prime. To see this, note that the set of characters of maximal conductor has cardinality m−1 ( −1), which is not a power of for odd primes (for example, see the proof of Theorem 3 in [16] ).
Next we consider ramification at primes q = 2. The following general lemma, which improves on Lemma 2 of [16] , suffices for our purposes.
Lemma 2.4. Let and q be distinct primes, and let m be a positive integer. If ρ : D q → GL 2 (F m ) has n q (ρ) = 1, then ρ is reducible, and its ramification index e q either equals or divides gcd(q − 1, m − 1). If e q = , then the representation ρ is completely reducible (i.e. diagonalizable).
Proof. Since n q (ρ) = 1, the inertia subgroup ρ(I q ) fixes a subspace of dimension one. Since ρ(I q ) is normal in ρ(D q ), this subspace is stable under ρ(D q ) (i.e. ρ is reducible). Then we may assume that ρ is of the form
and where ψ 1 is unramified. The restriction of ψ 2 to I q factors through the inertia subgroup of
, which is identified by local class field theory with Z × q . Since ψ 2 is at most tamely ramified, it factors through (Z q /qZ q ) × . Thus ψ 2 (I q ) has order dividing gcd(q − 1, m − 1). Also, the -primary part of the abelian group ρ(I q ) has order at most , because the tame inertia group is cyclic (in fact, the maximal pro-quotient of I q is isomorphic to Z (cf. [23] , Sect. 1)), while the group ( These do not commute. Suppose e q = . If ρ is not completely reducible, then there is an element τ ∈ ρ(D q ) ρ(I q ) of order (cf. (1) of Lemma 3.1). Then τ is the unique -Sylow subgroup of ρ(D q ). Since ρ(I q ) is also non-trivial and normal in ρ(D q ), these two subgroups commute. But this is a contradiction, as can be seen in a similar way to the above arguments. Hence ρ is completely reducible.
Example. Here we provide some values of q, m, and e q , when = 2. Apart from the case where q = 257, we shall require these values later. Proof of Theorem 1.4 (1), (3) (4) (5) (6) . All of these cases are proved almost simultaneously. Suppose there is an irreducible representation ρ : G Q → GL 2 (F 2 ) with N(ρ) = N, where N = 1, 3, 5, 7, 11, 13, 15 or 17. Since the cases where N(ρ) = 1, 3 are handled respectively in [28] and [15] , we only consider the remaining cases. As in [28] , we distinguish the two cases where G = Im(ρ) is solvable and non-solvable. Let K/Q be the extension cut out by ρ, so that we have G = Gal(K/Q).
First we deal with the solvable cases. If G is solvable, then after conjugation, it is contained in W n for some odd n ≥ 3, and it sits in the exact sequence from Lemma 2.1 (2):
Hence, K is an abelian extension of odd degree over the quadratic field F corresponding to H. Since K is unramified outside 2N, so is F , and it is a quadratic subfield of Q(
. By Lemma 2.4, the ramification index e q of ρ at q | N is either 2 or an odd factor of q − 1. Hence if N = 5, 15 or 17, we have e q = 2 for all q | N.
We first assume that e q = 2 also for the other N. Suppose N = 5, 7, 11 or 17. Since each quadratic subfield F of Q( √ −1, √ 2, √ N) has class number dividing 4, the ideal class group of F does not contribute to the abelian extension K/F of odd degree. Since K/F is unramified at q = N, by Lemma 2.4 together with the assumption that e q = 2, the Galois group Gal(K/F ) is, by class field theory, a quotient of the unit group O × F,2 of the 2-adic completion O F,2 = O F ⊗ Z Z 2 of O F . Its prime-to-2 quotient has order at most 3, which is possible only when 2 is inert in F/Q. Since G = Im(ρ) has to be embedded irreducibly into GL 2 (F 2 ), it must be isomorphic to SL 2 (F 2 ) V 3 S 3 . According to [10] , if N = 5, 7 or 17, there are no S 3 -extensions K/Q which are unramified outside 2N and have e 2 = 3 and e N = 2; and if N = 11, there exists only one such extension, which is the splitting field of the polynomial x 3 − x 2 + x + 1. It contains the quadratic field F = Q( √ −11). Suppose N = 13. Three of the quadratic subfields F of Q( √ −1, √ 2, √ 13) which ramify at 13 have class number 1 or 2, and the rest, Q( √ −26), has class number 6. If F/Q is unramified at 2, then F = Q( √ 13), and 2 is inert there. Then O × F,2 has prime-to-2 quotient of order 3, but according to [10] , there are no S 3 -extension K/Q which are unramified outside {2, 13} and have ramification index e 2 = odd and e 13 = 2. If F/Q is ramified at 2, then by Proposition 2.3 (1), K/F must be unramified everywhere, and K must be a cyclic extension of degree 3 of F = Q( √ −26). According to [10] , there is just one S 3 -extension of Q which is unramified outside {2, 13} and has ramification index e 2 = e 13 = 2, which is the splitting field of the polynomial x 3 − x − 2 and is an unramified extension of F = Q( √ −26). Suppose N = 15. If F/Q is unramified at 2, then F = Q( √ −15). It has class number 2, and the prime 2 splits in F/Q. Thus K/F must be trivial. If e 2 = 2, then F = Q( √ 15) or Q( √ ±30), which has class number 2 or 4. By Lemma 2.4, K/F must be unramified everywhere, and hence the extension must be trivial.
Suppose next that q = N = 7, 11 or 13 and e q is odd. Then since F/Q is ramified only at 2, the quadratic field F is either Q(
by Lemma 2.4, the prime q splits in F/Q, and hence we have
If (q) = q 1 q 2 in O F , then one of the two inertia subgroups of q 1 and q 2 is mapped into ( 1 * ) and the other into ( * 1 ). They are exchanged by the action of Gal(F/Q) ( 1 1 ) . These subgroups are described explicitly as follows: By Proposition 2.3 (1), K/F is ramified only at q = N. Since F has class number 1, by class field theory,
Hence Im(ρ) is isomorphic to W 3 (resp. W 5 ) and ρ(I q ) is identified with its subgroup µ 3 ×{1} (resp. µ 5 × {1}) if N = 7, 13 (resp. 11). But if N = 7, there does not exist such a ρ. Indeed, if there were a Galois extension K/Q with Galois group W n , then it has a subextension with Galois group isomorphic to V n W n /{(ξ, ξ)| ξ ∈ µ n }. According to [10] , there are no V 3 -extensions of Q unramified outside {2, 7}.
If N = 11 (resp. 13), there do exist representations ρ : G Q → GL 2 (F 2 ) with N(ρ) = N and Im(ρ) W 5 (resp. W 3 ). These are what we call ρ ε 11 and ρ ε 13 . The part of the theorem concerning the number of isomorphism classes, and the Galois conjugacy of ρ with image isomorphic to W n follows from Lemma 2.2 on representations of the finite group W n .
The determinants of the representations ρ are known as follows: For ρ = ρ 11 and ρ 13 , it is trivial to see that det ρ = 1. If ρ = ρ ε 11 (resp. ρ ε 13 ), the character det ρ :
factors through the maximal quotient of (Z/11Z) × (resp. (Z/13Z) × ) of odd order, which is of order 5 (resp. 3) (cf. [25] , §1.3; see also the remark at the beginning of §4 below). On the other hand, as we saw above, det ρ(I q ) has order 5 (resp. 3). Hence det ρ is a character of conductor 11 (resp. 13) and of order 5 (resp. 3).
Next we prove the non-solvable case. This is done, as in [28] , [15] , [16] , by the comparison of the Tate and Odlyzko bounds for discriminants. Suppose there exists a non-solvable representation ρ : G Q → GL 2 (F 2 ) with N(ρ) = N, where = 5, 7, 11, 13, 15 or 17. Let K/Q be the extension cut out by ρ. We denote by d K/Q the discriminant of K/Q, and d To apply Lemma 2.4, we shall twist ρ by a character so that it lands on as small a subgroup of GL 2 (F 2 ) as possible. We have canonical isomorphisms SL 2 (F 2 ) = PSL 2 (F 2 ) = PGL 2 (F 2 ), and an isomorphism
where we set
is tamely ramified at q | N, and factors through the maximal quotient of (Z/NZ) × of odd order. By Sections 251-253 of [7] , the projective image of ρ (i.e. the image of Im(ρ) in PGL 2 (F 2 )) is conjugate in PGL 2 (F 2 ) to PGL 2 (F 2 µ ) = PSL 2 (F 2 µ ), where 2 µ is the order of the 2-Sylow subgroup of Im(ρ). Since we assume Im(ρ) is non-solvable, we have µ ≥ 2. After replacing ρ by a conjugate, we may assume that
has values in GL 2 (F 2 µ ), and its image is the simple group SL 2 (F 2 µ ). Then ρ has values in GL 2 (F 2 m ), where
Suppose there is a ρ with µ = 2. Then there should be an A 5 -extension K 0 /Q cut out by ρ 0 : G Q → SL 2 (F 4 ) A 5 which is unramified outside 2N. According to [10] , there are no such extensions if N = 7, 11 or 13. If N = 15 (resp. 17), then there are 51 (resp. one) such extensions, but none of them have ramification index e q = 2 at q | N, as required by Lemma 2.4. Thus we have µ ≥ 3.
Suppose there is a ρ with µ ≥ 3. By Proposition 2.3, Lemma 2.4 and the examples following it, we have: If det ρ is non-trivial, then since it factors through a quotient of (Z/11Z) × of odd order, its image has order 5 (so we have 4 | m). This implies the ramification index e 11 (ρ) of ρ at 11 is divisible by 5. By Lemma 2.4, we have that e 11 (ρ) = 5. Then e 11 (ρ 0 ) divides e 11 (ρ) = 5. By [28] , ρ 0 cannot be unramified at 11. Hence e 11 (ρ 0 ) = 5. In particular, Im(ρ 0 ) = SL 2 (F 2 µ ) has order divisible by 5. Hence µ must be even. Since we assumed µ ≥ 3, we have µ ≥ 4. Then under the GRH, (2.3) and (2.6) contradict each other. Now the proof is complete.
Mod 2 representations of conductor 9
To complete the proof of Theorem 1.4, we must handle the case where N(ρ) = 9 (i.e. Theorem 1.4 (2)). Here we prove this remaining case. We require two preliminary lemmas.
Lemma 3.1. Let G be a finite subgroup of GL 2 (F), where F is a field of characteristic > 0.
(1) If the representation G → GL 2 (F) is reducible and the order of G is not divisible by , then G is diagonalizable (i.e. it is conjuate to a subgroup of ( * * )). (2) If G is abelian and its order is divisible by , then G is the direct product of a subgroup H of scalar matrices and a subgroup U of unipotent matrices (i.e. it is conjugate to a subgroup of {(
Proof. Conclusion (1) is a basic fact in the theory of linear representations of finite groups. Namely, every finite-dimensional representation of G over a field of characteristic |G| is completely reducible (for example, see [20] ).
To prove (2), we may assume that the -Sylow subgroup of G is contained in ( 1 * 1 ), and then that G ⊂ ( * * * ). Since ( 1 * 1 ) is the unique maximal -torsion subgroup of ( * * * ), the subgroup G of ( * * * ) has a unique -Sylow subgroup U := G ∩ (
, of which the first factor has no -torsion and the second factor is of -torsion. As a subgroup, G has a similar structure.
has n 3 (ρ) = 2, then the following are both true.
(1) We have that ρ is wildly ramified, and possibly after conjugation, we have ρ(D 3 ) ⊂ ( * * ) and ρ(I 3 ) ⊂ (
(2) Let K/Q 3 be the extension cut out by ρ, and let D K/Q 3 be its different. Then we have
where v 3 is the valuation of K normalized by v 3 (3) = 1.
Proof. Suppose ρ is irreducible. Then by Lemma 2.1, after conjugation, its image G = ρ(D 3 ) sits in the exact sequence in Lemma 2.1 (2):
where H is a subgroup of ( * * ), and G is a semidirect product of H and the subgroup generated by τ = ( 1 1 ). By Lemma 3.1 (2), G is not abelian. In particular, the inertia subgroup G 0 = ρ(I 3 ) of G is non-trivial. Since G 0 is normal in G and ρ is assumed irreducible, the fixed subspace of V = F 2 ⊕ F 2 by G 0 is {0}. It then follows from the assumption n 3 (ρ) = 2 that ρ is tamely ramified. Suppose G 0 ⊂ H; thus G 0 maps surjectively onto Z/2Z, so that there is an element τ of G 0 of order 2. Then τ , being the unique 2-Sylow subgroup of the tame inertia, is normal in G, and hence G is the direct product of H and τ . In particular, G is abelian. This is a contradiction, and hence G 0 ⊂ H. Thus H is the Galois group of a tamely ramified abelian extension of the unramified quadratic extension F of Q 3 . By local class field theory, there is a surjective homomorphism F × → H, and the tame inertia subgroup G 0 is isomorphic to a quotient of F
, it must be {1}, and hence G is abelian. This is again a contradiction. Thus ρ cannot be irreducible in any event, and we may assume that
where
is of odd order, by local class field theory, the restriction of ψ i to I 3 factors through (1 + 3Z 3 ) × (i.e. ψ i is either unramified or wildly ramified). The condition that
implies that ψ 1 is unramified, and that ψ 2 is wildly ramified with n 3 (ψ 2 ) = 2 (if ρ| I 3 is completely reducible, the role of ψ 1 and ψ 2 may be switched). By Lemma 3.1 (1), the wild inertia subgroup G 1 of G 0 is, after conjugation, contained in ( 1 * ). Since the normalizer in GL 2 (F 2 ) of any non-trivial subgroup of ( 1 * ) is ( * * ), and since G 1 is normal in G, we have G ⊂ ( * * ). Thus we have
in which ψ 1 is unramified and n 3 (ψ 2 ) = 2. It then follows also that G 0 = G 1 Z/3Z and G 2 = {1}. This proves claim (1).
To prove claim (2), observe that there are two non-trivial C × -valued characters of G 0 , both of which have conductor 3
2 . By the Führerdiskriminantenproduktformel, we have
Proof of Theorem 1.4 (2). Let ρ : G Q → GL 2 (F 2 ) be an irreducible representation with N(ρ) = 9. Again, we consider the solvable and non-solvable cases separately. Suppose Im(ρ) is solvable. Then Im(ρ) sits in the exact sequence in Lemma 2.1 (2):
Let K/Q be the extension cut out by ρ, so that Gal(K/Q) = Im(ρ), and let F be the quadratic subfield of K corresponding to H. By assumption, K/Q is unramified outside {2, 3}. By Lemma 3.2, the prime 3 splits in F/Q, and hence F = Q( √ −2). It has class number 1. By class field theory and the condition N(ρ) = 3 2 , the Galois group H = Gal(K/F ) is isomorphic to a quotient of
Since H must fit into the above exact sequence, and since ρ(D 3 ) is as described in Lemma 3.2, we have that H = H 1 × H 2 , where H i Z/3Z, and the two factors H i are exchanged by the action of Gal(F/Q) Z/2Z (note. Each factor H i of H corresponds to the inertia subgroup of one of the two primes of F lying above 3). Hence Im(ρ) is isomorphic to W 3 . By Lemma 2.2, there are two isomorphism classes of such ρ which are defined over F 4 , and they are Gal(F 4 /F 2 )-conjugate to each other. Arguing as in the previous section, it turns out that det ρ, for these representations ρ, are characters of conductor 9 and order 3.
Next suppose that there is a representation ρ :
If n ≥ 504 = | SL 2 (F 2 3 )|, then the Odlyzko bound [17] implies unconditionally that
Hence there are no such ρ with µ ≥ 3, where 2 µ is the order of the 2-Sylow subgroup of Im(ρ). If µ = 2, then there must be a Galois extension K/Q with Galois group isomorphic to SL 2 (F 4 )
A 5 which is unramified outside {2, 3}. According to [10] , there are no such extensions. If µ = 1, then Im(ρ) is solvable.
Traces of mod 2 representations
In this section, we study the traces of representations ρ : G Q → GL 2 (F 2 ). First recall the following fact on characters of G Q (cf. [25] , §1.3): Let ψ : G Q → F × be a character with N(ψ) = N. By class field theory, it factors through the map G Q → (Z/ a NZ) × for some a ≥ 0 which maps a Frobenius element Frob p to the class of p (mod a N). We have (Z/ a NZ)
× , and since F × has no nontrivial elements of -power order, ψ factors through the maximal prime-to-quotient of (Z/ Z) × × (Z/NZ) × . In particular, if = 2, then it factors through the maximal quotient of (Z/NZ) × of odd order. Let ρ : G Q → GL 2 (F 2 ) be a reducible representation with N(ρ) = N. We may assume that
are characters. By the definition of the exponent of Artin conductor (2.2), we have n q (ψ 1 ) + n q (ψ 2 ) ≤ n q (ρ) for each q | N. As remarked above, they factor through the maximal quotient of (Z/NZ) × of odd order. Furthermore, for each prime q | N, if n q (ρ) = 1, then one of the ψ i is unramified and the other is at most tamely ramified at q. Also, if n q (ρ) = 2 and ρ is wildly ramified at q, then one of the ψ i is unramified and the other has the exponent of Artin conductor 2. In general, if ρ is not completely reducible, the restriction ρ| Iq could be completely reducible, and then the choice of i for which ψ i is unramified may vary for different q. But if N is a prime power (as is the case below), then one of the ψ i is an everywhere unramified character of G Q , and hence trivial by Minkowski. 
Proof. First we prove (1). In these cases, (Z/NZ) × has 2-power order, and so the characters ψ i are both trivial. Hence Tr(ρ(Frob p )) = 1 + 1 = 0 for every prime p 2N. Now we prove (2) . For N = 7, 11, 13, by the above discussion, one of the characters, say ψ 1 , is trivial and the other has n q (ψ 2 ) ≤ 1. If ψ 2 is unramified, then it is trivial as a character of G Q , and so ρ ss is trivial. So we may assume n q (ψ 2 ) = 1. If N = 9, then ρ is wildly ramified by Lemma 3.2. By the above discussion, we have ψ 1 trivial and n q (ψ 2 ) = 2. In all cases, we have Tr(ρ(Frob p )) = 1 + ψ 2 (Frob p ) = 0 if and only if ψ 2 (Frob p ) = 1. Since the maximal odd quotient of (Z/NZ) × has order 3 (resp. 5), if N = 7, 9, 13 (resp. N = 11), we have ψ 2 (Frob p ) = 1 if and only if p is a 3rd (resp. 5th) power in (Z/NZ) × .
Next we consider irreducible representations. Recall that the projective image of an irreducible solvable representation is a dihedral group (see the remark after Lemma 2.1).
Lemma 4.2. Let ρ : G Q → GL 2 (F 2 ) be an irreducible solvable representation. If the projective image of ρ has order 2n, then the set S(ρ) of primes p 2N(ρ) for which Tr(ρ(Frob p )) = 0 has density
Proof. Possibly after conjugation, we may assume that Im(ρ) ⊂ ( * * ) ∪ ( * * ). Then for g ∈ Im(ρ), we have Tr(g) = 0 if and only if g ∈ ( * * ), or g is a scalar matrix. If c denotes the number of scalar matrices in Im(ρ), then Im(ρ) has 2cn elements and Im(ρ) ∩ ( * * ) has cn elements. By the Chebotarev Density Theorem, the density of the set S(ρ) is cn + c 2cn = 1 2 + 1 2n . In this case, S(ρ) has density 2/3, and we have ρ ρ 13 . Remark. Note that the condition det ρ = 1 follows if we assume that ρ is defined over F 2 m , when 2 m and N = 7, 9, 13 (resp. 4 m and N = 11). Now we illustrate the implications of Proposition 4.4 for modular forms. To make this precise, we recall important facts regarding modular Galois representations. Let N ≤ 17 be In some cases, determining the set of relevant primes requires Lemma 4.3 and the fields in (4.4). If we abuse notation and let λ also be a uniformizer of O L,λ , then we have
Applying T p 's repeatedly, we see that
for any c + t such primes p 1 , ..., p c+t .
To prove Theorem 1.1, we require an elementary proposition regarding the combinatorial properties of Hecke operators acting on holomorphic modular forms f (z) = ∞ n=0 a(n)q n ∈ M k (Γ 0 (N), χ). For primes p N, the Hecke operator T p is a linear endomorphism on M k (Γ 0 (N), χ) (resp. S k (Γ 0 (N), χ) ), and it is defined by (5.2) f (z) | T p = ∞ n=0 a(pn) + χ(p)p k−1 a(n/p) q n .
Note that a(α) = 0 if α ∈ Z.
, where L is a number field and λ is a prime of L. If t is a positive integer and p 1 , p 2 , . . . , p c are distinct primes coprime to N for which
then we have a(p 1 p 2 · · · p c m) ≡ 0 (mod λ t ), for every m ≥ 1 coprime to p 1 p 2 · · · p c .
Proof. For integers 1 ≤ j ≤ c, define algebraic integers
In particular, for j = c we have C(n)q n = 744 + 196884q + · · · is a weight zero 2-adic modular form. This implies, for every power of 2, say 2 t , that there is a holomorphic modular integer weight k modular form, say
for which F (z) ≡ j * (z) (mod 2 t ). Since the Hecke eigenvalues of the Eisenstein series on SL 2 (Z) are even for every T p where p is an odd prime, conclusion (1) follows from the N = 1 case of Theorem 1.3 and Proposition 5.1. (2) By the proof of Theorem 1 of [9] , for every t ≥ 1 there is an integer weight cusp form F (z) ∈ S k (Γ 0 (1152); Z) with trivial Nebentypus character for which
(mod 2 t ).
Since 1152 = 2 7 · 9, and since the trivial character has 2-power order, conclusion (2) follows from Proposition 5.1 and the N = 9 case of Theorem 1.3. is an integer weight modular form on Γ 0 (4). It is a classical fact that the phenomenon in (1.3) holds for the integer weight Eisenstein series on Γ 0 (4) (cf. Remark after Theorem 1.3). Consequently, the desired conclusion follows from the N = 1 case of Theorem 1.3 and Proposition 5.2.
Proof of Theorem 1.2. As before, let Θ(z) = 1 + 2q + 2q 4 + · · · ≡ 1 (mod 2) be the weight 1/2 Jacobi theta function on Γ 0 (4). Using the notation from the introduction, we have g F (z)Θ(z) ≡ g F (z) (mod 2), and is an integer weight modular form with level 4, 12, 20, 28, 60 or 68. The conclusion now follows from (1.2), Theorems 1.3 and Proposition 5.2.
